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$\mathbb{N}$ $\mathbb{N}$ . IN
IN , $1\mathrm{N}$ , $\mathbb{N}$
$D\subset \mathbb{N}$ $f$ : $Darrow \mathbb{N}$ IN ( )
. $D=\emptyset$ , . (IN
.)
1 .
1 . , ,
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3 Turing, Church, Kleene . $\lceil_{\mathrm{W}\mathrm{h}\mathrm{i}\mathrm{l}\mathrm{e}}$
,
, , if , while
.
[5] , while
. , ( )
$f$ $n$ , $f(n)$
, . ,





$\mathbb{N}$ IN . ,
$\emptyset 0\cdot\phi_{1}$ . $\cdots$ .
, while .
, IN IN . , ,
$\{0_{:}1\}$ ( Boole ) IN ( $\mathbb{N}$
) $P(1\mathrm{N})$ , , $P(\mathbb{N})$
. ( .) :




HALT$(p.x)$ : 2 $p.x$ , $P$ while
, $x$ (












, .) – ,
1 .
, 3 ( ) ,
.
3 .
1. $f(x_{1\cdot n}\ldots.x)=0$ .
2. $f(x)=x+1$ .
3. $p_{i}(x_{1}. \cdots.x_{n})=x_{i}$ .
.
1. : $f(y_{1}. \cdots.y_{m})$ . $g_{1}(X_{1}. \cdots.x_{n})$ . $\cdots$ . $g_{m}(x_{1}. \cdots.x_{n})$
$h(x_{1}. \cdots.X_{n})=f(g_{1}(x1\cdot, ...X_{n})\text{ }.\cdots.gm(x_{1}.\cdots.x_{n}))$
43
.2. : $f(x_{2}. \cdots.x_{n})$ $g(y.x_{1}. \cdots.x_{n})$
$h(x_{1_{-\ovalbox{\tt\small REJECT}}}.\cdots.x_{n})$ .
$h(\mathrm{o}.X_{2;}.\cdots.xn)=f(_{X\cdots}2:$ : $\cdot$
$h(x_{1}+1.X_{2}::\cdot:. : X_{n})=g(h(X1:^{x}2\cdot\ldots \text{ }.Xn)_{:}x_{1} x:2:\ldots : x_{n})$ .
3. : $f(y.x_{1\cdot n}\ldots.x)$ $g(x_{1}. \cdots.x_{n})$
.
$g(x_{1,}. \cdots-\cdot Xn)=\min\{y|f(y_{\mathit{1}}.X_{1}, \cdots, xn)--0\}$ .
, $y$ $g(x_{1}, \cdots, x_{n})$ .
.
for .
while y . , $g(x_{1}, \cdots, x_{n})$
Pascal
function $g(x_{1}, \cdots, x_{n})$
begin
$y:=0$ ;











( ) , $A$ .
IN $A4$ , $A$
.
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1. $a:\mathbb{N}arrow \mathbb{N}$ , $A$ .
2. $p:\mathbb{N}arrow \mathbb{N}$ , $A$ .
(1) , 2
.
1. $a(n.)$ , $n=0$ $n$
1 , $A$ ( –
) . ( $a$ $A$ .)
2. $n$ while , $n\in A$ , ,
. ( .)
(2) :




$\phi_{0}(n)$ . $\phi_{1}(n)$ . $\cdots$ (1 ) , $p_{0}.p1:\ldots$ (
) .
$-4=$ { $n|\phi_{n}(p_{\mathrm{n}})$ }
( $n\mapsto\not\simeq\phi_{n}(Pn)$ ) .
HALT$(p.x)$ .
3 $\mathrm{B}\mathrm{l}\mathrm{u}\mathrm{m}-\mathrm{S}\mathrm{h}\mathrm{u}\mathrm{b}-\mathrm{s}_{1}\mathrm{n}\mathrm{a}\mathrm{l}\mathrm{e}$ $\mathrm{R}$
Blum. Shub. Smale [1] ( B-B-S) atomic ,
( ) 1
. – ( )
. 4 :
1. : , – .
, .
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2. : , .
.
3. : – . (
) .
4. : 2 .
.
if $\mathrm{h}(\mathrm{x})<0$ then goto Ll else goto L2
. , while
. ( , Fortran77 .)
( ) ,
,
. , B-S-S Julia,
. (B-S-S ) , Julia
.
1 $g(z)$ Gauss .
$C_{g}$
$|z| \geq C_{g}\Rightarrow\lim_{narrow\infty}$ n $(z)|=\infty$










$\mathbb{N}$ , B-S-S – ( )
$\Omega=$ {$z|p(Z)$ $z$ }
. , $\mathrm{C}$ ,
Julia , – (. ) – ,
IR – . 2 $g(z)=z^{2}+c.\cdot|c|>4$ .
Julia. , $0\not\in\Omega$ $c$
Mandelbrot .
, B-S-S
, , NP , NP , ,
. , ( $\mathbb{N}$ )
, , , , .
.
, B-S-S 1R IN .
, .






Pour-El Richards [2. 3] ( PL-R) Kreisel
–
–
[6] – . PL-R
[2] [3] ,
.
PL-R B-S-S . PL-R
atomic , bit digit ( ) .
, . , ,
, , .
( ) . . 4
4.1 Gregorczyk
50 Gregorczyk
[9], B-S-S . PL,-R
. , :
$\mathrm{t}_{n}$ } , ( $\mathbb{N}$ )
$a,$ $b,$ $c.‘ \mathbb{N}arrow \mathbb{N}$
$r_{n}=(-1)^{s(n)} \frac{a(n)}{b(n)}$
.
$x$ , $x$ $\lceil_{\mathrm{e}}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\iota’ \mathrm{e}$
$\{r_{n}\}$ . effective , $e:\mathbb{N}arrow 1\mathrm{N}$
$k$. $\geq e(n)\Rightarrow|x-rk|\leq 10^{-n}$
. 5
4 , PL-R , [7].
[8].
5 10 . 2 .
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$r_{n}$ $r_{n}’=r_{\text{ }(n)}$ ,
$|x-\gamma_{n}|\leq 10^{-n}$
– .
$\mathbb{N}$ $\mathrm{a}4$ – . (





$0$ . $\cdots a(n_{0})\cdots a(n_{1})\cdots a(n_{2})\cdots$
( $\lceil\ldots\rfloor$ $0$ $0$ ) . ,
, $a(n)$ $0$ ( $A$
) , $A$ ( $\Leftrightarrow A$
) . , $x$ .
( ) $(x_{1}, \cdots, x_{p})\in$ p , $x_{1},$ $\cdots,$ $x_{P}$
.
$1\mathrm{R}^{p}$ $\{(x_{1:p}\ldots.x)|a_{1}\leq x_{1}\leq b_{1}. \cdots, a_{p}\leq x_{p}\leq b_{p}\}$
$a_{i}.b_{i}$ .




$I\subset \mathrm{I}\mathrm{R}^{p}$ $f$ : $Iarrow 1\mathrm{R}$
2 :
(a) $f$ , , $I$ $\{\mathrm{x}_{k}\}$ $\{f(\mathrm{x}_{k}\}$
.
6 $a(n)$ $a(0),\cdot\cdots,\cdot$ $a(n-1)$ , $a(n)$
. , $a(n)$ . , ,4
$a$ .
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(b) $f$ $\lceil_{\mathrm{e}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}\iota}\cdot \mathrm{e}$ – , , $d:\mathbb{N}arrow \mathbb{N}$ ,
$\mathrm{x}.\mathrm{y}\in I$
$|\mathrm{x}-\mathrm{y}|\leq 1/d(n)\Rightarrow|f(\mathrm{x})-f(\mathrm{y})|\leq 10^{-n}$ .
– , , $\mathrm{r}_{\mathrm{e}}\mathrm{f}\mathrm{f}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{Y}}\cdot \mathrm{e}$ – ,
. , effective –
.
4.2 Pour-El, Richards








. , Lipschitz ,
.
2. [3]
$\frac{\partial^{2}u}{\partial x^{2}}+\frac{\partial^{2}u}{\partial y^{2}}+\frac{\partial^{2}u}{\partial z^{2}}-\frac{\partial^{2}u}{\partial t^{2}}=0$
. $t=0$
$u(x.y.Z..0)=f(x.y.z)$ . $u_{t}(x.y.z.0)--0$
$f(x. y.z)$ , u(x. $y.z.t$)
. , (Kirchhoff )








$[3][\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}1]$ $f(x. y. z.t)$ , $u(\mathrm{O}.\mathrm{o}.\mathrm{o}. 1)$
.
$f$ $f=f(r).,$ $\gamma=(x^{2}+y^{2}+z^{2})^{1/2}\ovalbox{\tt\small REJECT}$. . Kirchhoff
$u(\mathrm{O}, 0, \mathrm{o}, t)=f(t)+tf’(t)$
. , $f(t)$ $\gamma\geq 0$ 1
:
$\bullet$ $f(r)$ , $f(1)$ .
$\bullet$ $f’(1)$ , $f’(r)$ .





. ( PL-R ) $\mathbb{N}$
$-4$ $a:\mathbb{N}arrow 1\mathrm{N}$ .
$f(r)= \sum_{n=0}w_{n}’(\Gamma)$ . $u_{n}.(r\mathrm{I}=10-n-a(n)\mathit{0}(10^{n}(r-1))$ .
$f(r)$ . $w_{n}$ , $f$
$10^{-n}$ , effective . , $f(r)$ IR
. . ,
$f’(r)= \sum_{0n=}^{\infty}wn’(r)=\sum_{n0}\mathrm{x}=10-a(n)(w_{n}’10n(r-1))$
( $10^{-n}$ !), $\sum 10^{-a}(n)$ – ,
effective . ( , $\sum 10^{-a(n}$)
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effective . , .)
, $r=1$ ,
$f’(1)= \sum_{n=0}^{\infty}10-a(n)$
, . $f(1)$ ,
$u(\mathrm{O}. \mathrm{o}.\mathrm{o}. 1)=f(1)+f’(1)$ . Q.E.D.
– , PL-R IN
. ,
( $\mathbb{N}$ ) :
$A,$ $B$ , $\mathbb{N}$ $C$ $A\subset C$ $B\subset\overline{C}$
.
4.3 ?
Roger Penrose ”The $\mathrm{E}\mathrm{m}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{r}’\mathrm{S}$ New Mind” [10] 7
PL-R . Penrose (
) [11] ,
, , Turing
, . . (
) Turing







7 , $\ovalbox{\tt\small REJECT} J$ The $\mathrm{E}\cdot \mathrm{m}.\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{o}\mathrm{r}^{j}\mathrm{S}$ New $\mathrm{C}\mathrm{l}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{s}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$













, Schr\"odinger . ,
PL-R $t=0$ $t=1$ focusing
( ) , Gregoryczyk
. Schr\"odinger ,












\prec (FCS $=\mathrm{F}\mathrm{o}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{l}$ Methods for Complex System












$\mathbb{N}.,$ $\mathrm{R}$ ( ) $*\iota \mathrm{N}_{:}$








[18]. , Keisler [19], Loeb













$\bullet$ $a$ , (formula) $\phi_{i}(x)$






– . , IN, 1R $(\cdot$
) $*\mathbb{N}-$. *IR , $[\cdot]$ : $1\mathrm{R}_{+}arrow \mathbb{N}$
$[\cdot]$ $:*\mathrm{R}_{+}arrow*\mathbb{N}$ . $\mathbb{N}$ *IN . (
*IN .)
, :
: $I=\mathbb{N}$ $\phi_{i}(x)$ $i<x$
. , $i_{1},$ $\cdots,$ $i_{n}$ $\phi_{i_{1}}(x),$ $\cdots,$ $\emptyset i_{n}(x)$ $\mathbb{N}$
. $i\in \mathbb{N}$ $i<x$ $x$ $*\mathbb{N}$
. $x$ , .
– , $*\mathrm{m}$ $\mathbb{N}$ ,
( ) . $x$
.. . $<x-2<x-1<x<x+1<x+2<\cdots$ ,
$x<2x<3_{X<}\cdots<x^{2}<\cdots<x^{3}<\cdots$ ,
, . ,
. *IR . $*1\mathrm{R}$
.
: $a$ , $I=l\mathrm{N}$ . $\phi_{i}(x)$ $\mathrm{r}0<|x-a|<1/i$
.
$x$ . , , $i\in \mathbb{N}$
$0<|x-a|<1/i$ $x$ $*1\mathrm{R}$ . $x$ $a$
. , $a=0$ , $x$ .
– , $*\iota \mathrm{R}$ 1R ,
. ,
. ( , $x-r1/x$ ,
.)
, $*1\mathrm{R}$ 2 $x.y$ $\mathrm{r}_{x\simeq y\rfloor}$ .
, *IR $x$ $x\simeq y$ 1R $y$
. $\lceil_{X}$ $\text{ }st(x)\text{ }$ .
55
. , $\mathrm{R}$ $f(x)$ $x=a$
, $\lceil_{X}\in*1\mathrm{R}$ $x\simeq a$ $f(x)\simeq f(a)$ . 10
, , ,
. ( )








$\frac{dx}{dt}=f(t, X)$ , $x(a)=b$ ,
. $f(t-\cdot x)$ $(a., b)$ .
$(-\text{ })$ . ( $f$ –
, . 11) , $[a.a’]$
( ).: , $\epsilon$ – . ,
$u(t+\epsilon)\simeq u(t)+f(t.u(\text{ }t))\epsilon$ , $u(a)=b\text{ }$.
. , $[a.a’]$ $L=\{a+i\epsilon|i\in*\mathbb{N}.i<N\}$ $(_{\mathrm{A}}|\mathrm{V}$
, $L^{-}\subset[a.a’]$ )
$’\iota’(t+\epsilon)=\iota$” $(t)+f(t.’\iota’(t))\epsilon$ . $\mathrm{t}^{1(}a$ ) $=b$ .
,
$v(t)=b+a \sum_{\leq S<t}f(s.v(s))\epsilon$
10 $f$ $*\mathrm{R}$ , $f$ ,
– , $*\mathrm{R}$ $*\mathrm{R}$
. ( $=$ ) , .
11 – , .
56
. ( , $*\mathbb{N}$ .
. .)
$u(t)=st(v(a+[ \frac{t-a}{\epsilon}]))$








Turing $(\Sigma, Q, \delta)$ Turing :
$\bullet$
$\Sigma$ ( ) . $B$. $\#$
.
$\bullet$ $Q$ ( ) . $q_{0}$ $H$ .
$\bullet$
$\delta$ \mbox{\boldmath $\delta$} : $\Sigma,$ $\cross Qarrow\Sigma\cross Q\cross\{.L.\overline{R}.0\}$ , (
) .
$\delta(\sigma, H)=(\sigma, H.0)\mathit{1}^{\cdot}$
Turing , ( ),
, (CPU )
. $\Sigma$ , $B$
. $\Sigma\cup Q$
... $\sigma_{n-1}q\sigma_{n}\sigma n+1\ldots$
. $Q$ ( $q$ ) – . $q$ ( $\mathbb{Z}$
) , $q$ , $q$ ( $n$
) . ,
57
. ( : $q\mathrm{o}\vee\vee\dagger$ $q_{0}\cdots$ BBqo&’BB $\cdots$
.)
Turing $q_{0}\omega$ ( $\omega$ $\Sigma$ ) ,
, .
$\tau q\sigma\cdots$ :
$\bullet$ $\delta(q.\sigma)=(q’.\sigma’. 1)$ . . . $\tau q\sigma\cdots-t\cdots\tau\sigma q’/\ldots$ ( $\sigma’$ ,
. $q’$ , ),
$\bullet$ $\delta(q, \sigma)=(q’, \sigma’, -1)$ $\tau q\sigma\cdotsrightarrow\cdots q’\tau\sigma’\cdots$ ( $\sigma’$ ,
$q’$ , ),










) . , CPU
, . , Turing




. $n$ 1 1n (1 $n$. )
. # , $(n_{1}. \cdots.n_{k}.)$ 1 $n_{1}\#\ldots\# 1^{n_{k}}$
. , $f$ : $\mathbb{N}^{k}arrow 1\mathrm{N}$ Turing ( $\Sigma’$ .Q. $\delta$ )
,







, Turing .) ,
$f(n_{1_{\ovalbox{\tt\small REJECT}}}.\cdots.n_{k})$ . 12
( ) $\eta$ – , ( )
$\epsilon$ . , ( )
$N(x)=[ \frac{x}{\epsilon}]$




$f$ : $\mathrm{R}^{k}arrow 1\mathrm{R}$ ,
$F$ : $\mathbb{Z}^{k+1}arrow \mathbb{Z}$
$f.(x_{1,n}.\cdots, X)\simeq F(N(X_{1}), \cdots, N(x_{n}), \eta)\epsilon$










? – , .
59




. 13 , $f(t.x)\ovalbox{\tt\small REJECT}$ $\mathbb{Z}$ $F(n.,$ $m$ ,
$\acute{f}(t.x\text{ })\simeq F(N(t), N(X),$ $\eta)\epsilon$
, $x(t)$
$x(t)\simeq x(N(t), \eta)\epsilon$
. , $X(n, \ell)$
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